ENERGY ESTIMATES FOR DISCRETIZATION ERRORS IN WATER
HAMMER PROBLEMS
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ABSTRACT: An integrated energy approach is developed for transient problems in pipelines using the fixed-
grid method of characteristics. The goal is to understand how discretization errors associated with common
interpolation schemes arise and how these errors can be controlled. Specifically, new analytical energy expres-
sions demonstrate that both time-line and space-line interpolation attenuate the total energy of the system; in
contrast, the wave-speed adjustment approach preserves the total energy but distorts the partitioning between
kinetic and internal energy. The analytic resulits are confirmed through numerical studies of several series pipe
systems. Both the numerical experiments and the mathematical expressions show that the discretization errors
are small and can be ignored as long as the work in the system is continuous and substantial. When the work
is small or negligible, however, a Courant number C, value close to 1 is required to control the numerical

dissipation.

INTRODUCTION

The most popular method for analyzing transient conditions
in multipipe systems is the fixed-grid method of characteristics
(FGMOC). To apply boundary conditions at the junction of
two or more pipes, the time step At must be common to all
pipes. The common time step, however, makes it difficult to
achieve an integer number of reaches in each pipe. To under-
stand this, consider that the time step determines the distance
traveled by a wave in pipe p as Ax, = c,Atforp=1,...,n
where ¢, is the wave speed and n is the number of pipes in
the system. Therefore, the number of reaches in pipe p is N,
= L,/Ax, = L,/c,At. Since pipes generally have a variety of
wave speeds and lengths, it is unlikely that N, will be a natural
number for all pipes. To deal with this discretization problem,
one can either adjust the wave speed, thus forcing an integer
number of reaches, or interpolate between grid points, thereby
allowing N, to be a non-integer (Karney and Ghidaoui 1997).

Over the last 20 years, several researchers have studied the
dispersion and dissipation characteristics of various discreti-
zation approaches to the FGMOC using Fourier methods
(Wiggert and Sundquist 1977; Goldberg and Wylie 1983). Un-
fortunately, Fourier methods lack essential boundary condition
information, ignore the influence of the wave profile on the
numerical errors, assume that the initial conditions are peri-
odic, and are restricted to linear numerical models with con-
stant coefficients (O’Brian et al. 1951; Damuller et al. 1989;
Samuels and Skeels 1990, Sibetheros et al. 1991). Therefore,
Fourier methods cannot be used as the only benchmark for
selecting the most appropriate numerical scheme for nonlinear
boundary-value hyperbolic problems. When the exact solution
is known, L, and L, norms have been used to evaluate the
numerical errors associated with the solution of the water ham-
mer equations by the MacCormack, Lambda, and Gabutti
schemes (Chaudhry and Hussaini 1985). However, the L, and
L, norms do not measure a physical property such as mass or
energy, thereby complicating the interpretation and compari-
son of results. Based on a single pipe with fixed Courant num-
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ber subject to sudden closure downstream, Sibetheros et al.
(1991) used three dimensionless parameters to study the dis-
cretization errors; however, the specific nature of the numerical
tests makes it difficult to generalize their method to more com-
plex applications (Karney and Ghidaoui 1992). More recently,
Ghidaoui and Karney (1994) developed the concept of equiv-
alent partial differential equations for the water hammer equa-
tions.

In this paper, the integrated form of the mechanical energy
equation is used to provide a quantitative assessment of vari-
ous discretization options, including time and space-line inter-
polation and wave speed adjustment, for a set of series-con-
nected pipes. Energy plots are used to provide insight into the
dissipative nature of time and space-line interpolation schemes.
The ratio of the total energy at time ¢ to the total energy at
time zero becomes a natural measure of the numerical dissi-
pation, particularly when the physical energy dissipation and
the work at the boundary are small. Further, the energy por-
traits illustrate the smoothing of sharp waves by interpolation.
This numerical dissipation does not always arise in the wave
speed adjustment approach, as is shown theoretically and il-
lustrated by examples. The energy approach has the advantage
of allowing the transient analyst to determine the numerical
dissipation in complex and realistic pipeline systems.

CHARACTERISTIC EQUATIONS

The pressure fluctuations created by a flow disturbance in a
closed conduit propagate as pulse waves throughout the pipe
length. If the friction force is modeled by the steady state
Darcy-Weisbach equation, and the pipe has a circular cross
section, the derivation of the momentum and continuity equa-
tions is given in standard references (e.g., Wylie and Streeter
1993; Chaudhry 1987). Coupling these equations along the
characteristic lines (e.g., Ghidaoui and Karney 1995) produces
the following characteristic form:

dH d Bf*

- Bd—?+ﬁQ|Q|=o along %:ic m
in which 7 = time; x = distance along pipe centerline; H = H(x,
t) = piezometric head (i.e., sum of the pressure head and el-
evation head); Q = Q(x, f) = volumetric rate of flow or dis-
charge; A = cross-sectional area of a pipe with diameter D,; ¢
= wave speed; B = c/gA, where g = acceleration due to gravity;
and f* = friction factor along positive and negative character-
istic lines, respectively. When the Reynolds number is very
high, the friction factors f* and f~ can usually be assigned a
single constant value of f. The derivation of these equations
assumes that the fluid is slightly compressible, the pipe is elas-



tic, the convective terms are negligible, and the flow is one-

dimensional. .
For a single pipe, the FGMOC solution of (1) on the grids

shown in Fig. 1 is

B
HI = % (He + H) + 5 (@n = 09
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in which the subscript i and superscript n + 1 indicate the
spatial and temporal locations, respectively, of the grid point
with coordinates [iAx, (n + 1)At]. The subscripts R and S are
intermediate positions at the foot of the positive and negative
characteristic lines; that is R and S are found by interpolating
known values from earlier time steps. Egs. (2) and (3) relate
exclusively to internal sections and are therefore valid only for
i=1,...,m— 1, where m is the total number of pipe reaches.
Extensions of these equations to a series pipe system are con-
ceptually straightforward, though notationally more demand-
ing; in essence, the procedure is to index constraints to partic-
ular pipes and then to sum the energy terms over each pipe in
the system.

To obtain conditions at the upstream and downstream
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FIG. 1. FGMOC Grid for: (a) Space-Line Interpolation; (b)
Time-Line Interpolation

boundaries, equations describing the head and flow at these
ends must be coupled with the following characteristic forms:

n+1
Hy™ — BQG = Hs, — BQs, — —Iﬁ—f olgldr  (4)
2D,A J

Bf (7

0,4 J, olol dr  (5)

i+ BOL" = Hy, + BOa, ~

where S, and R,, are interpolated values in the first and last
section, respectively, of each pipe. Solutions for many bound-
ary conditions, as well as an explicit set of approximations for
the integration of the friction term, are found in Karney and
Mclnnis’s (1992) study and in standard references.

Transient Energy Equation

In this section, the mechanical energy expressions associ-
ated with the FGMOC in a series-connected pipe system are
presented. For convenience, the concept of an inner product
of two functions is introduced. To do this, let ¢ and { be two
arbitrary functions that are either continuous or piecewise con-
tinuous on the interval [0, L]. The inner product of { with {
is (U, £) = f6 UL dx. If ¥ and { are discrete functions given at
nodes i =0, ..., m, where m is the number of intervals (i.e.,
reaches in a pipe segment), then the second-order discrete in-
ner product of ¢ with { is

W 0 = Ax [——~——“’"§” D> wic,]

i=1

where Ax = reach length and U, and {; are the values of { and
{ at node i. The square root of the inner product of a function
s with itself is called the norm of s and is represented by |ju]|.

Taking the momentum and continuity equations as a basis,
Karney (1990) developed the following integrated expression
for the total energy in the system:

dU dT
— +—+ W +D' =0
dt dt ©®)

in which U = p(H, H)/2AB* = total internal energy; T = p(Q,
Q)/2A = total kinetic energy; W' = pgQ(L, HH(L, 1) — pgQ(O0,
t)H(0, t) = net rate at which work is being done on fluid; and
D' = pf(0Q|, Q*)/2D,A* = rate of viscous dissipation. The term
“internal energy’’ is used to describe the energy associated
with fluid density and pipeline elasticity effects.

To determine the internal energy at time n + 1, the discrete
inner product of the head function H7*' with itself is calcu-
lated, where H7*' fori=1,...,m — 1 is given by (2), and
the terminal heads H3*' and H.,"' are found by solving (4)
and (5), respectively. As is typical for studies of errors, the
friction factor f is set to zero for these manipulations. Perform-
ing the inner product and utilizing (2) results in the following
expression:

1
0 = 3 QMR + 1H7 + BE QL + BElOS
1 ) B
+ ’5 (<HR- Hs) ~ B (QRv Q.s)) + "2' ((QR» Hp + Hs)

= (Qs, Hx + Hy) + % [HE™'Y + (HZ'Y o
in which the norms and inner products for the interpolated
variables are appropriately adjusted. Similarly, the kinetic en-
ergy at time n + 1 is obtained from the inner product of the
flow function Q"*' [i.e., (3) with f= 0] with itself. Rearranging
and simplifying results in the following expression:
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The total mechanical energy E**' at time level n + 1 is ob-
tained by summing the expressions for internal and kinetic
terms (with suitable unit conversions and cancellations) to ob-
tain

2
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To solve (2) and (3), the head and flow at R and S must be
known. Ideally, R and S should coincide with nodes for which
the head and flow have already been computed. However, as
has been argued, the application of the FGMOC to a set of
pipes with different lengths and wave speeds generally elim-
inates this possibility, thus creating a discretization problem.
This problem was discussed in some detail, along with a num-
ber of novel attempts at resolving it, by Karney and Ghidaoui
(1997). In what follows, the errors associated with the wave-
speed adjustment approach, as well as with the conventional
space-line and time-line interpolation strategies, are investi-
gated through the energy equation.

Energy Equation for Wavespeed Adjustment

The wave speed variation methodology is often justified by
the uncertainty in the wave speed values (Wylie and Streeter
1993; Chaudhry 1987). Therefore, the wave speed is simply
an estimated value within a range of possible speeds. More-
over, numerical experiments have confirmed that peak pressure
magnitudes are relatively insensitive to assumed values of
wave speed, particularly in systems in which the changes in
boundary conditions are slow relative to the wave travel time.
Although it was reported that the maximum permissible vari-
ation of the wave speed should be limited to 15% (Wylie and
Streeter 1993), there is little theoretical basis for this rule.

The &-index (or ‘“‘compressibility index’’) approach (Kar-
ney 1990) is another way of justifying the wave-speed ad-
justment approach. The ¢-index is defined as the ratio of the
change in internal energy to the change in kinetic energy. Kar-
ney (1990) argues that as the compressibility index becomes
smaller, the transient behavior of the system becomes inde-
pendent of the wave speed, thus justifying a variation in wave
speed. In most water hammer problems, however, the ¢-index
is not small, therefore, wave speed adjustment is seldom jus-
tified solely on this basis.

The present paper shows that in a particular sense the wave
speed adjustment method conserves energy. More specifically,
the sum of the kinetic and internal energies plus the work and
dissipation is independent of wave speed. Moreover, the equa-
tions of motion in an adjusted wave speed system are still
represented by a continuous mathematical model, avoiding any
dissipation that may have otherwise existed. The mathematical
proof is now presented.

If the datum is set so that there is initially little or no internal
energy in the system, then (6) can be integrated for a known
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wave speed c in the interval of time [0, #]. The result is the
total energy for the system

!

U@ + T@) + f (D' + WHdrt + T(0) (10)

0

If, instead of using the actual wave speed c, one uses the
adjusted value ¢, a similar equation may be derived

O + T + J (D' + W)drt + T) [49))
0

But because the initial steady state energy of the system is
independent of the value of the wave speed, T(0) = T(0).
Therefore, (10) and (11) must be equal, justifying a limited
claim of energy conservation. Of course, the equality of (10)
and (11) is of only conceptual interest since it is usually im-
possible to represent the energy expressions analytically as a
function of time. However, the result is interesting in that the
selection of the wave speed obviously influences the shape and
form of the piezometric head and flow profiles, and therefore
the partitioning of energy between its various forms. Yet, even
with this redistribution, the total overall energy conversion rate
in the system is invariant and independent of wave speed.

Energy Equation for Space-Line Interpolation

Space-line interpolation approximates the solution to the
FGMOC by linearly interpolating the dependent variables of
Q and H at the time level nAr between spatial grid points (i
— 1)Ax and iAx for R and iAx and (i + 1)Ax for S. That is,

He = CHI_, + (1 = C)HI, Qp =C. Qi + (1 — C)Q7,
i=1,,...m (12)

Hs, = CHI,, + (1 = C)H}, Qs =C Q. + (1 ~ C)Q},
i=0,...,m~—1 (13)

in which C, is the grid Courant number, and the subscript i
and the superscript n indicate the spatial and temporal loca-
tions, respectively, of the current grid point. Because the re-
quired expressions are numerous, expansions of the various
inner product terms in (9) are given in Appendix I. Inserting
these expressions into (9) and simplifying yields

E™'= (1 + 2C} — 2C)E"

1

2
— L —_ n n n n —
+Cr(l Cr) 2A [(B) (Hiv Hi+l>+<in i+l>] W (14)

where

2
"_._B_ _]_ n||2 n|l2
p=2|(3) 0 + 1o as

and
W= pgAn(Qn"'H, ' — Q3T HE Y + OrHe, — Os, Hs, ) (16)

The Cauchy-Schwartz inequality implies that (H7, H?,,) <
[|H?IF and (Q7, Q7+1) =< |Q}|I*. Therefore, a new parameter can
be defined as

2 [ (LY e e o
2A [(B) <Hiv Hi+|) + (Qi’ Qi+l>]

B = £ =1 amn

which is a function of the wave profile. For example, for a
constant head profile B is clearly equal to 1. Moreover, at the
sudden stoppage of flow, the velocity goes from a steady value



to zero across the jump. Therefore, with a suitable choice of
datum, either H",, or H? is zero and either Q7,, or Q7 is zero.
The net result is that 8 = O for such a step wave.

If the work W = 0 in (14), the following form results:

L i@ -na-Cy=1 (18)

T

Eq. (18) shows that space-line interpolation dissipates energy
and that this dissipation is a function of both C, and the wave
profile. In addition, as the wave profile becomes progressively
smoother, B approaches unity and the resulting numerical dis-
sipation reduces. Furthermore, as C, approaches unity, the dis-
sipation factor 1 + C,(B” — 1)(1 — C)) tends to 1. By contrast,
if C, exceeds 1, the right-hand side of (18) also exceeds 1,
implying that the energy increases with time. Yet, without
work, there should be no energy input in (18) and the growth
of energy must be due to numerical instability, thus providing
an independent check of the Courant condition.

Energy Equation for Time-Line Interpolation

Time-line interpolation approximates the solution to the
FGMOC by linearly interpolating the dependent variables of
0O and H between grid points [(i — 1)Ax, nAt] and [(0 —
DAx, (n — 1)Ar] for R and [ + DAx, nAr] and [ + 1)Ax,
(n — 1A1] for S. The result is

Hy = (1 — OH_, + EHIZ), Qp = (1 — ©Qi-, + §0I,

i=1,...,m (19)
Hs, =(1 - E)H7+| + gH:"’:lly S = a- g)Q7+l + gQ;’:llv
i=0,...,m—1 (20)

in which £ is equal to (1 — C,)/C,, and the subscript i and the
superscript n indicate the spatial and temporal location of the
current grid point, respectively. Inserting these expressions
into (9) and simplifying yields

2C, — 1) 2pn—-1
En+l =( C’CZ ) E” + gEn
2
2062C, = D[ (1Y 0 ncs . oy |
A [(B) (H?, HI™Y) + (00, Qi )] w @1

where E" is given by (15); E"~' is also the mechanical energy,
but at the previous time step; and W is still given by (16),
although the interpolated values are now based on the time-

line equations. . ’
Through use of the Cauchy-Schwartz inequality, an estimate
for the energy E"*' can be derived. The result is

Qc, -1y ., a4-CyY ..
o BT B

En+| <

L2z cHec, - 1

c max (E"', E") — W

(22)

Letting F"*' = E" allows (22) to be written in a matrix form,
which is more convenient for stability analysis. If max(E" ™",
E™ = E""', then

QC,— 1 (1-Cl+201-C)2C,—1)

E™ : : EY (w
()= 9 f; (7)-(¢)

1

If max(E"™', E") = E”, then

" QC. -1y +201 - C)2C, - 1) (1-C)
F F 0
I 0

(24)

The stability of time-line interpolation can be deduced from
the form of (23) and (24). Stability is guaranteed if each ei-
genvalue of the two matrices is less than or equal to 1. This
is always the case as long as C, = 1. Yet, C, < 1 implies that
the diagonal matrices (with eigenvalues as the diagonal en-
tries) are contraction matrices; therefore, time-line interpola-
tion is a dissipative scheme. Furthermore, the energy estimate
method clearly shows how the interpolation affects the work
term at the boundary, thus overcoming a weakness of the Fou-
rier approach.

Egs. (23) and (24) also indicate that both numerical errors
are a function of the Courant number and the wave profile.
For instance, the discretization error is eliminated when C, is
either 1 or 1/2. In addition, the numerical dissipation is min-
imized when the head and flow functions are smooth and rel-
atively linear. In fact, the third term on the right-hand side of
(21) clearly shows the dependence on wave profile.

Analysis for Sudden Closure

If the downstream valve in a secries pipe system closes sud-
denly and completely, no work will be done at the valve. In
addition, if the steady state is duplicated in order to initiate
analysis, E~' = E°. Several cases related to the dissipation can
now be identified.

1. If 0.95 = C, = | then (2C, — 1)’/C? = 0.9. This implies
that the second and third terms on the right-hand side of
(22) make up less than 10% of the right-hand side, al-
lowing the following approximation to be made for the
full energy cascade:

2¢, — |
. [<C_> ] £ 25)

2. If 0.5 = C, = 0.6, then (2C, — 1)*/C} = 0.11. This
implies that the second and third terms on the right-hand
side of (22) make up more than 90% of the right-hand
side. Thus, the following approximation can be made:

E" ~ [1 - —(ZC'C_Z 1)] E° (26)

Egs. (25) and (26) are approximate theoretical relations
for calculating the numerical energy dissipation in prob-
lems such as sudden valve closure. Moreover, problems
with no work tend to produce the largest rates of nu-
merical energy dissipation since no physical wave
smoothing occurs. For this reason, (25) and (26) provide
a simple and practical upper-bound estimate for the nu-
merical dissipation even in more complicated problems.

3. Finally, if 0.6 = C, = 095, then a more complicated
expression is required:

E" =~ [1 + (- 1)2(l - C’é(zzc’ — ])] E° 2D
where
2
__p_ l <Hn Hn—l) + (Qn Qn~l)
2A B i i i i
Y = (28)

En—l

When steady state conditions prevail or when the tran-
sient is slow, the heads and flows at one time level will
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be nearly equal to those at the next time level. Thus, y”
will be close to 1 and the energy dissipation predicted
by (27) will be minimal. For more abrupt transitions,
however, substantial rates of energy dissipation may occur.

The case of sudden closure also makes it possible to more
directly compare space-line and time-line interpolation. For this
example, both B" and y" coefficients are expected to have the
same magnitude. Using (18) and (27) one can estimate the con-
ditions under which space-line interpolation is expected to per-
form better than time-line interpolation and vice-versa. In gen-
eral, space-line interpolation will have less dissipation only if

ca-2a)
[2(1 — C)2C, — HyC?

a condition that is true if 0.54 = C, = 1. However, intensive
numerical experimentation does indicate that this requirement
is a necessary, but not sufficient, condition. In fact, numerical
results suggest that space-line interpolation outperforms time-
line interpolation for C, > 0.6.

Further insight can be obtained by comparing B” to vy" for
time-line and space-line interpolation. The ratio of these two
quantities is as follows:

p l : n q—l Id I'l—l
R a[(B) (H,-,H‘ )+<QH Ql >]

=1 (29)

Y o_
Brl - En~l
o ((L ' " pn " on
2A [(B) (H:v Hl+l) + <Ql’ QH—!)]
' E" (30)

Space-line interpolation is a better approximation than time-
line interpolation if ratio (30) is larger than 1. This is usually
the case for two reasons. First, with W and D equal to zero,
E" = E"' due to numerical dissipation. More importantly,
(H", H'""WB* + (Q!, Q7"") is less than or equal to (H,

" MB + (Q7, Q.. These quantities are equal to each other
for t < L/c. When t = L/c, the wave interacts with the bound-
ary and reflects, causing a sign change in either head or flow.
This means that the inner product (H?, H;')/B* + (QF, 07 ")
has a few negative values near the boundaries, making the
overall magnitude of this quantity smaller than it should be.
The sign reversal at the boundaries does not affect the inner
product (H7, H],,YB* + (Q7, Q}+\) since space-line interpo-
lation does not use old boundary condition information.

It is difficult to draw general theoretical conclusions for
valve motions more complicated than sudden closure. For this
reason, a numerical case study is considered next.

NUMERICAL EXAMPLES

The case study consists of two pipes in series connected to
an upstream reservoir and a downstream valve. The length of
the upstream pipe is 800 m while the downstream pipe is 300
m long. For both pipes, the cross-sectional area is 1 m’ the
unadjusted wave speed is 1,000 m/s, friction factor f = 0.0 for
the first two cases and 0.02 for the third case, and the steady
state discharge is 1 m%s. The datum for the hydraulic grade
line is set at the surface of the reservoir so that an instanta-
neous valve closure produces no work.

The discretization strategy is based on the pipe that has the
minimum wave travel time L/c (Karney and Ghidaoui 1997).
Through selection of an integer number of reaches in this
“shortest’’ pipe, Ngp, the time step becomes At = (L/cN);p,
which equals 0.3/Np seconds in the current example. The ap-
proach of using at least one reach in the shortest pipe guar-
antees that the number of reachbacks in time-line interpolation
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TABLE 1. Time Discretization in Example Two-Pipe System

Nsp At Licat é o £
o)) ) &) (4) (5) )
1 0.300 2.667 888.8 0.7500 0.6667
2 0.150 5.334 1066.7 0.9375 0.9330
3 0.100 8.000 1000.0 1.0000 1.0000
5 0.060 13.334 1025.6 0.9750 0.9750

will not exceed one and that the Courant number is bounded
by 0.5 and 1. The time step determines not only the Courant
number, but also the required wave speed adjustment and the
degree of interpolation in the other pipes. For the example
system, these parameters are summarized in Table 1 for four
values of N, (ie., 1, 2, 3, and 5). Note that for the special
case of N, = 3, both pipes are divided into an integer number
of reaches and there are no discretization errors. This case is
treated as a nominally “exact’’ case in the comparisons that
follow. For the other values of Ny, in Table 1, a discretization
€rTor remains.

One advantage of the wave-speed adjustment method is also
illustrated by this example. Since wave speeds can be chosen
either slightly faster or slower than the true speed, the number
of reaches in a pipe can be rounded to the nearest integer. By
contrast, interpolation procedures must use the floor of L/(c-
Ar) in order to satisfy the Courant condition. Due to the ben-
efits of rounding, the proportional change in wave speed is
often less than the required degree of interpolation. For ex-
ample, with N5, = 1, the change in wave speed (Table 1) is
only 11%, whereas the required interpolation is 25% and 33%
for space-line and time-line interpolation, respectively.

Case 1: Sudden Complete Valve Closure

If friction is set to zero, then the physical dissipation of
internal energy is eliminated. Moreover, if the downstream
valve is closed instantly, no fluid is exchanged with the en-
vironment across a pressure difference; therefore, this work is
also equal to zero.

In the plots for this and the following examples, energy
information is displayed as the total energy E = U + T versus
time r. In the test system, for example, the initial total energy
is 550 kJ; if energy is conserved, a straight line parallel to
the time axis will be plotted at the 550 kJ level. Any depar-
ture from a zero slope line represents either some kind of
dissipation or work at the boundaries. In particular, if both
physical work and dissipation are zero, then any dissipation
arises solely due to the numerical interpolation. If both work
and friction dissipation are nonzero, numerical dissipation
can be obtained by comparing the energy curve correspond-
ing to the *“‘no interpolation’’ (N5, = 3) solution with that of
the approximate solution. Thus, the exact energy diagram for
this case is a straight line parallel to the time axis and given
by E = 550 kJ, as shown in Fig. 2. As was predicted theo-
retically, the energy diagram for the wave-speed adjustment
approach is identical to the exact energy diagram when W =
0 and D = 0, regardless of the degree of adjustment. This is
because wave-speed adjusted work and dissipation remain
equal to zero.

In time-line interpolation the total energy E is conserved for
the first L/c = 300/1,000 = 0.3 s and then decays rapidly to-
wards the time axis (Fig. 2). Initially, energy is conserved be-
cause the wave is still in the downstream pipe in which C, =
1. However, energy dissipation begins once the wave enters
the upstream pipe in which C, < 1. It is emphasized that this
dramatic energy dissipation is purely numerical. For example,
when C, = 0.94, Fig. 2 shows that after 25 s of simulation
almost 50% of the energy has been lost. The theoretical energy
dissipation for C, = 0.94 at ¢ = 25 s (i.e., after n = 25/0.15 =
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FIG. 2. Energy versus Time Plots for Case 1: Sudden Complete Valve Closure

167 time steps) can be obtained from (25) as follows: E(25)/
E(0) = (0.9959)' = 0.506, which is in excellent agreement
with the value obtained by simulation. In fact, the numerical
results are essentially identical to those obtained from (25) for
all C,.

At the beginning of the simulation, the steady state was
duplicated in order to initiate analysis—a minor complication
of time-line interpolation. This duplication effectively avoids
interpolation error and conserves energy for the first time step.
As the simulation continues, however, the dissipation quickly
becomes large but then gradually reduces as the wave profile
is smoothed by the interpolation, a phenomenon not detected
by Fourier analysis. Smoothing of the sharp waves by both
time-line and space-line interpolation indicates that these mod-
els will cope poorly with high-frequency waves.

Numerical experiments indicate that space-line interpolation
usually produces an energy diagram similar to that of time-
line interpolation, but with less energy decay for all C, = 0.6.
In fact, for all C, the energy diagrams for space-line and time-
line interpolation are virtually identical when ¢ < 1.1 s, the
time it takes for the wave to first reach the upstream reservoir.

This is to be expected since the variation of head and flow
spatially and temporarily are similar for the first L/c. Once the
wave interacts with the reservoir, however, the temporal var-
iation of head and flow is more complex. Because Fourier
analysis neglects dissipation at boundary conditions, its results
may also be misleading.

These observations can be summarized by considering the
shape parameter B”. When C, = 0.975, 0.94, and 0.75, the
average B" values are 0.99, 0.95, and 0.88, respectively. (In
fact, a B” of 0.88 seems conservative for real systems.) For C,
= 0.75, both space-line and time-line interpolation rapidly
drain the system energy and significantly dampen peak pres-
sures. This suggests that interpolation must be avoided in cases
of sharp transients coupled with a Courant number consider-
ably smaller than 1.

Case 2: Sudden Partial Valve Closure

In this second example, work is performed at the down-
stream boundary. This is achieved by instantaneously closing
the valve from a fully open position (1 = 1) to a half-closed
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FIG. 3. Energy versus Time Plots for Case 2: Sudden Partial Valve Closure

position (7 = 0.5). Fig. 3 shows that space-line interpolation
produces virtually zero numerical energy dissipation as the
exact and the space line energy diagram are in agreement for
all simulation times and Courant numbers tested. Eqs. (14)
and (16) help to explain this observation. Immediately after
the sudden partial closure of the valve, a sharp wave is gen-
erated and the flow and head at the wave front are numeri-
cally dissipated, as are the kinetic and internal energy. At the
same time, there is work being done by the system, as de-
scribed in (16). The same numerical damping that produces
less internal and kinetic energy also damps the work done by
the system, giving rise to an artificial work that is too small.
Numerical damping of the energy storage and of the work
done by the system counterbalance each other, producing no
energy dissipation. In time, the work dissipates, which
smoothes the wavefront, and B” tends to 1. As a result, the
right-hand side of (18) also tends to 1, implying little addi-
tional numerical dissipation by the space-line interpolation
technique.

Although Fig. 3 shows that time-line interpolation is in good
agreement with the exact solution, it is still marginally less
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accurate than space-line interpolation. In this case with non-
zero work at the downstream end, a constant head reservoir at
the upstream end, and C, = 0.75, time-line interpolation tends
to amplify the total energy in the system, as shown in Fig.
3(c). To understand this seemingly paradoxical increase of to-
tal energy by the time-line interpolation method, it is essential
to consider what happens at the upstream boundary. The ex-
cessive smoothing of the wavefront by the time-line scheme
means that the reflected negative wave from the upstream res-
ervoir is attenuated; thus, the interpolated head does not com-
pletely arrest the flow from the reservoir into the upstream
pipe, implying that there is some artificial work done by the
reservoir on the pipe system and that this work is larger than
the numerical dissipation. In fact, this increase in internal en-
ergy by the numerical attenuation of the wave front is similar
to line packing produced in long pipelines that have high fric-
tion. This phenomena again goes undetected in the Fourier
method.

Fig. 3 also shows that the wave-speed adjustment approach
overpredicts the total energy of the system when the adjusted
wave speed value is less than the physical wave speed. Since
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FIG. 4. Energy versus Time Plots for Case 3: Complex Valve Motion with Friction

the head change at the valve is proportional to the wave speed
and the adjusted wave speed is less than the real celerity, the
head change for the wave-speed adjustment method is smaller
than the exact head change. As a result, the work done at the
valve is less than the exact work; therefore, the total energy
stored by the wave-speed adjustment method is greater than
the measurement would be obtained using the physical wave
speed. Therefore, the wave-speed adjustment energy diagram
and the exact energy diagram differ as a result of the net work
at the boundaries.

Case 3: Complex Valve Motion with Friction

In this final example, frictional energy dissipation is in-
cluded by setting f = 0.02. In addition, physical work is per-
formed at the boundary through a relatively more complex
valve motion. More precisely, the transient is initiated by clos-
ing a valve instantaneously to a T value of 0.55, holding this
T value constant for 2 s, and then instantaneously changing
the T value from 0.55 to 0.1 at 2 s. Thereafter, the valve open-
ing is kept constant at T = 0.1. Figs. 4(a) and 4(b) show good
agreement between all the schemes and the exact solution.

However, Fig. 4(c) shows that although the time-line and
space-line results are consistent, they produce less total energy
than the “‘exact’’ solution for ¢ between 2 and 5 s. This nu-
merical dissipation is again due to the excessive smoothing of
the second sharp wave that was generated at ¢ = 2 s from the
second stage of the valve closure (i.e., T = 0.55 to 7 = 0.1).
The wave-speed adjustment method overpredicts total energy
for the time interval from 2 to 5 s. Again, due to the lowering
of the wave speed, the work produced by this scheme is less
than the actual work. Since this work comes at the expense of
the total energy stored, less work implies more energy avail-
able in the system.

For 2 s < ¢ = 5 s, all methods converge toward the exact
solution as the transient dissipates (mainly due to the work
done at the boundary) and a new steady state is reached. It is
interesting to note that, unlike work, frictional dissipation has
only a minor influence on the behavior of the schemes tested
here. This realization supports the practice of ignoring friction
when theoretically comparing numerical schemes for true wa-
ter hammer problems. However, the energy approach can eas-
ily analyze transient problems in which frictional dissipation
is present.
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CONCLUSIONS

The integrated energy relations in transient closed-conduit
flow provide a method of quantifying the dissipation caused
by interpolation. The energy equations developed in this paper
for time-linc and space-line interpolations clearly show how
these schemes effectively remove significant energy from the
system, particularly when wavefronts are sharp and C, is con-
siderably less than 1. The general rule for reducing discreti-
zation errors is to use small time steps and thus keep C, as
close to 1 as is practical.

The wave-speed adjustment approach in a limited sense pre-
serves the total energy while distorting the partitioning of the
energy between kinetic and internal forms. In addition, the
wave-speed adjustment method has the following advantages
over space-line and time-line techniques, particularly for prob-
lems with zero work: (1) it preserves the physical shape of the
wave; (2) it is partly justified by the uncertainty associated
with wave celerity; and (3) the proportional change in wave
speed is often smaller than the associated degree of interpo-
lation required by interpolation schemes. Despite these obvi-
ous merits, the wave-speed adjustment method alters the wave
travel time, distorts the timing of wave interactions, and re-
distributes energy within the pipe system. Therefore, wave
speed adjustments must be minimized whenever timing infor-
mation is critical (e.g., if resonance conditions are anticipated).
In such cases, the permitted adjustment in wave speed must
be restricted to values much less than 15%.

In problems with nonzero work, space-line interpolation
generally performs better than time-line interpolation or the
wave-speed adjustment approach. This conclusion is supported
by theory and by numerical experiments. The effect of work
is often to smooth transient waves, which causes the shape
factor B” to tend to 1, which finally minimizes energy dissi-
pation because the right-hand side of (14) also tends to 1.

APPENDIX|. ENERGY TERMS FOR SPACE-LINE
INTERPOLATION

Using the expressions for the interpolated values of head
and discharge [i.e., (12) and (13)] in a series-connected pipe
system, the following inner product terms can be easily ob-
tained:

m-—1
[HA? = AxCAHI? + (1 + 2C? — 2C,) >, (HAx
i=l

i=m—1

+2C( - C) D, HIH!Ax

i=1 (3])
m-—1
1QAll? = AxCHQL + (1 + 2C7 — 2C) D, (@))*Ax
il
i=m—1
+2C0 —C) TQi-1Ax
( > oo .
m-1
IHJ? = AxC2HLY + (1 + 2C2 = 2C)) Y, (HI)Ax
i=]
i=m—1
+2C(1 - C) HIH?. Ax
( E": l (33)
m—1
105l = AxCXQL? + (1 + 2C2 = 2C) . (Q])’Ax
i=1
i=m—1
+2C(1 - C) 1QhAx
( > 01t o0

The inner produce terms required to expand (9) are
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A
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+ (2C, — DH\Q, — H,, .00 (35)

The boundary terms arc given by
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Substituting these into (9) and using the common heads and
discharges at pipe junctions to simplify yields (14).
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APPENDIX lll. NOTATION

The following symbols are used in this paper:

= cross-sectional area of pipe;
pipe constant ¢/gA;

wave speed or celerity;
adjusted wave speed or celerity;
Courant number;

derivative;

energy dissipation;

= rate of energy dissipation;

]

Qbh.gmm >
1}



D, = pipe diameter; t = time;
E = sum of total kinetic energy and total internal energy; x = space coordinate along centerline;
E" = sum of total kinetic energy and total internal energy T, T = total kinetic energy with wave speed ¢ and ¢, respec-
at time level n; ~ tively;
U, U = total potential energy with wave speed ¢ and ¢, re-

f = Darcy-Weisbach friction factor;

f* = friction factor along C* and C~ characteristics; R spectively; )
g = acceleration due to gravity; W', W' = rate Yvork is done when wave speed is ¢ and ¢, re-
H = piezometric head, H = H(x, 1); spectively; o '
H? = piezometric head at node i and time level n; B = profile function for space-line interpolation;
Hg, Hs; = piezometric head at interpolation points R and S, re- y = profile function for energy expression;
spectively; A = change in a quantity;
i = spatial nodal location; Axt _ ;g?igessiz}ement'
L = pipe length along centerline; . { = arbitrary function defined on spatial domain;
m = qumber of reach.es in a particular pipe; £ = time-line interpolation distance;
n = time nodal locatlons . p = fluid density;
N, = number of reaches in a pipe p; 7 = dummy variable for time integration;
Nsp = number of reaches in pipe with minimum L/c; ¢ = index of compressibility;
p = pipe index; { = arbitrary function defined on spatial domain;
Q = volumetric flow function, Q = Q(x, 1); * = positive and negative characteristics;
Q! = volumetric flow at node (n, i); | | = absolute value function;
O, Qs = piezometric head at interpolation points R and S, re- |l | = norm function; and
spectively; ( ) = inner product function.
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